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Abstract 



We present a list of (l + l)-dimensional second-order evolution equations all connected 
via a proposed generalised hodograph transformation, resulting in a tree of equations 
O^l ' transformable to the linear second-order autonomous evolution equation. The list 

. includes autonomous and nonautonomous equations. 

2 ■ 1 Introduction 
O 

CN ' In [|l[ we report on the linearisation of the hierarchy of evolution equations 



Ui = i?™[n](u-^u^)^, R[u]= Diu-^D-\ m = 0,1,2,... (1.1) 



, by an extended hodograph transformation and define an autohodograph transformation 

^ \ for this hierarchy. The autohodograph transformation is revealed by the composition of 

the extended hodograph transformation and the linearising contact transformation. The 
extended hodograph transformation for the case m = 0, first introduced in [0], is of the 



\ form 

dX{x,t) = udx + ^/ ut{^^'t)d^ dt 

dT{x,t) = dt (1.2) 



U{X,T) = X. 
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In the present paper we generalise the extended hodograph transformation and name 
it an X- generalised hodograph transformation. We are interested to derive a class (or tree, 
as we prefer to call it) of (1 + 1) -dimensional second-order evolution equations which are 
linearisable. This tree of equations, containing arbitrary nonconstant functions in C^(5R), 
is constructed by nonlinearising the general second-order linear autonomous equation us- 
ing the x-generalised hodograph transformation. In this way both nonlinear autonomous 
and nonlinear nonautonomous equations are revealed. The linearising transformations are 
obtained by composing and inverting the appropriate x-generalised hodograph transfor- 
mations. Besides the obvious examples, such as Burgers' equation and ( pl ) (with m = 0), 
our tree of equations consists of new linearisable equations as well as several cases found 
in the literature (for example pi, ^, ^, |5|, |^, ^]). In particular, the results obtained by 
Sokolov, Svinolupov and Wolf Q are special cases of our tree of equations. 

The paper is organized as follows: In Section 2 we define the x-generalised hodograph 
transformation and introduce the notation. The most general form of the second-order 
equation linearisable by the proposed method is established in this section. In Section 
3 we consider autonomous second-order evolution equations and derive a tree of linearis- 
able equations. The linearising transformations are listed explicitly. The x- generalised 
hodograph transformations generating the equations are given in the Appendix. Only 
one equation from the tree of equations admits an autohodograph transformation in the 
sense of [^. It should be pointed out that under the proposed x-generalised hodograph 
transformation the tree of autonomous linearisable equations (see Diagram 1) is complete. 
Some examples are given. In Section 4 we list nonautonomous linearisable second-order 
evolution equations which are generated from the tree of autonomous linearisable equa- 
tions (Diagram 1) by x-generalised hodograph transformations. This case is not complete 
as we consider only the case where the coefficient of the highest derivative is autonomous. 
Once again we give the linearising transformations explicitly as well as some examples. 
The corresponding x-generalised hodograph transformations are listed in the Appendix. 
In the nonautonomous case each linearisable equation contains two arbitrary functions 
in C^(5ft); one function depending on the dependent variable and one depending on the 
independent "space" -variable x. 

2 The ^-Generalised hodograph transformation 

Definition. The transformation 



dx j^i^x j , t j ) 



fl{Xj,Uj)dXj + f2{Xj,Uj,Ujxj,Uj, 



■■■ ^Uj^^-i)dtj 






with i ^ j 



n 



2,3,... and 




df2 



H h Uj^n 



df2 



,n-l 



(2.2) 



is called an x-generalised hodograph transformation. 
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Remarks: We named the above transformation x-generalised in order to have the possibil- 
ity in future to introduce other generahsations of the extended hodograph transformation. 



Condition (2^) follows from the Lemma of Poincare, i.e., d{dxi) = 0. 



Here and below the subscripts denote partial derivatives, e.g. 



Consider a general (1 + l)-dimensional second-order autonomous evolution equation 
with dependent variable Ui and independent variables Xi, U, viz. 



Uit,, 



(2.3) 



Applying the x-generalised hodograph transformation ( |2.1| ) leads to the following partic- 
ular form for 



f2iXj,Uj,Ujxj 



F(ui , Uix^ , UixiXi ) 



(2.4) 



where 



Ui = g{xj), Ui. 



9[Xj] 



fl{Xj,Uj) ' 



Ui, 



g{xj) ( dfi dfi 



f{{xj,Uj) ff{xj,Uj) \dxj duj 



+ 



-Ui 



(2.5) 



The most general equation which results when transforming ( p.3D by the x-generalised 
hodograph transformation (|2.lD with (p.4[) is 



dfi 

duj ^ ' 



1 f ^ 



'] Xj Xj 



d^fi 2 o 9^fi 

-L 2 

du'] ^^'^ dxjduj 



dxj' 



73 9n/^'^'^ 



[fl \dxj duj 



+ 



35 fdfi ^ df 



gfi \dxj ' duj^^''^' 



g 

gfi 



If dfi dfi 

+ Ui 



g \dxj duj 



1^3 



_ g 
g 

gfi 
g' 



OF 

duix^ 

F 



dF 



dui 



dF 



dui. 



(2.6) 



Here and below g denotes the derivative w.r.t. Xj, g the second derivative w.r.t. Xj, etc. 

Using (2.5) it can easily be shown that the most general equation which may be con- 
structed by applying (2.1) to the linear equation 



Uiti = UiXiXi + MUixi + A2'Uj, Ai, A2 G 5ft 



(2.7) 
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is of the form 

Ujtj = Fi{xj,uj)ux^xj + F2{xj,Uj)u^^ + F3{xj,Uj)ul^ + F4{xj,Uj) (2.8) 

for all iterations of the x-generalised hodograph transformation. The following statment 
is therefore true: 

Proposition: The most general {l + l)-dimensional second-order evolution equation which 
may be constructed to be linearisable in ([^. ?[j by the x-generalised hodograph transformation 



( \2. ^) is necessarily of the form ( \2.8i ) 



Remark: In the sense of |T[| an x-generalised hodograph transformation which keeps an 
equation invariant is known as an autohodograph transformation. 

Finally we introduce an important notation which we use throughout this paper in 
order to abbreviate the derivatives of some arbitrary functions that appear in our tree of 
equations: Let / = f{() G C^{^) with df/d^ / 0. 

Then we define the following bracket: 

3 Linearisable autonomous second-order equations 

Here we give the second-order linearisable autonomous evolution equations constructed 
by ( |2.1| ). We found eight cases, listed below, resulting in a tree of equations shown in 
Diagram 1. By nonlinearising ( |2.7D with ( |2.lD and restricting ourselves to autonomous 
equations, we obtain Cases I, II, III, V and VII. These equations follow when ( |2.1D is 
applied to each resulting autonomous equation until the iteration stops. That is, until no 
new autonomous equation appears. This happens at eq. ( |3.3D , i.e., Case III. Applying the 
same procedure but starting from the second-order semilinear equation 

results in Cases IV, VI, and VIII. The corresponding linearising transformations, given 
below for each case, are obtained by composing and inverting the appropriate x-generalised 
hodograph transformations, given in the Appendix. 

Case I: Let Ai G and hi G C'^{^) with dhi/dui + 0. Then 

Mlt, = hx{ux)Uxxvxr + mLi (3-1) 

is linearised to uoto = tioxoxo + -^i^^Oxo by the transformation 

XlixQ^t^) = Uq 

2L0 : < dti{xo,to) = dto 

hi{ui{xi,ti)) = ul^^. 
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Case II: Let A G K\{0}, Ai G K and /i2 G C^i^) with d/ia/d^s / 0. Then 

U2t2 = h2{u2)u2x2X2 + >^h2{u2)u2x-, + {h2}u2 '^^^2 

is hnearised to «oto = '^Oxoxo + ^i'^Qxq by the transformation 



U : < 



X2{xQ,tQ) = - In 1^0x0 1 

h2{u2{x2,t2)) = ^^''''''' 



Case III: Let Ai G 5R, A2 G 3f?\{0} and ^3 e C'2(sR) with dhs/dus 7^ 0. Then 



dU3 

is hnearised to uoto — uqxqxo + AiUo^o by the transformation 

X3{xo,to) = ^ ^ 

di3(xo,io) = dto 



2L0 • S 



4 




"i^Oxoxo \ 


^^2 




^ '^0x0 J. 



1 2 



Case IV.l: Let {Ai,A4} G 3ft, {A,A2} G K\{0} and /i4 e CH5R)\{0}. Then 

1 



Ao- 



dh4 \ 2 I / \ 

"4x4 + ^4 ("4) 



^4(^4) V ^ ^"4/ 

is hnearised to -uoto = "Oxoxo + AiUoxo + A2'Uo by the transformation 

dx4{xo, to) = dxQ + (Ai — A4)dio 

dti{xo,to) = dto 

U4,(x4„tA) 



t4.1 . ) 
21^0 • S 



y i,^^^^ = ^ln|Atto(xo,to)| ■ 



^4(6 A2 

Case IV.2: Let Ai G 3?, A3 G 5ft\{0}, A4 G 3fi and /14 G Ci(3ft)\{0}. Then 

"4*4 = "4X4X4 + A4"4X4 



1 (i/14 2 J / \ 

-"4x4 + hiiUi) 



h4{u4) dU4 

is hnearised to uoto = "Oxoxo + XiUox^ by the transformation 
dx4{xo, to) = dxo + (Ai — A4)dio 

dt 4{xo, to) = dto 

1 du4 _ uo{xo,to) 



T 4.2 . , 



. h4{u4{x4, t4)) 8x4 



A3 



(3.2) 



(3.3) 



(3.4) 



(3.5) 
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Case V: Let {A, As} G ^\{0}, Ai G 3? and G ^^(SR) with d/ig/dus 0. Then 



2 

Sis 



is hnearised to uoto = uqxqxo + ^i^Oxo + Ast^o by the transformation 



2^0 : < 



X5{xo,to) = j\n\Xuo\ 
dt5{xQ,to) = dto 



A2 



Uq 



(3.6) 



Case VI: Let Ai G 3? and ha G C^i^) with dhe/duQ / 0. Then 

U6t6 = ^6X6X6 + he{u6)u6x6 + ^6X6 

is hnearised to -uoto — "^Oxqxo + AiUo^o by the transformation 

' dxQ{xo, to) = dxQ + XidtQ 

dtQ{xo,to) = dto 



(3.7) 



2L0 '■ ^ 



he{u6{x6,t6)) = 2 



UOxo 



Case VII: Let Ai G 5R, A3 G ^\{0} and hj G C2(sft) with d/iy/dti? 7^ 0. Then 

?^7t7 = h'j{u'j)u-jxrx7 + Mu-jxr + {^yj^^ ^^7x7 
is hnearised to uoto = '^Gxoxo + AiUo^o by the transformation 
dx-j{xQ, to) = uodxo + {uoxo + Ai^o - A3) dto 

dt7{xo,to) = dto 
hr{uY{xr,tr)) = u^. 



(3.8) 



U : < 



21^0 



Case VIII: Let A G 5ft\{0}, {Ai.Ag} G K and /ig G C^iJH). Then 



^^8*8 = ^^8X8X8 + A8U8a;8 + hs{us)ul 



xs 



(3.9) 



is hnearised to ut^ = uoxqxq + Aiuoaio by the transformation 
dxs{xo,to) = dxo + (Ai - X8)dto 

dt sixo, to) = dto 

U8ixg,ts) 



T 8 . , 

2^0 ■ \ 



exp 



hsiri)dr] 



A / exp 



h8i'n')dr]' dr] 



= {ulxo) 
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Diagram 1 



UOto = UOxoxo + AiUOxo + ^2Uo 



A2 



2H° 





'^4*4 — ^^4X4X4 ' 



A2 ^0 



2H5 



A2 = 
A3 7^0 



'■5X5 



2 

ui "1x1 



2H2 



2Hj 



"2*2 = /^2(^^2)u2 + Xh2{u2)u2x2 + {h2}u2 "2: 



2 

M2 "-2X2 



2H2 



"8*8 = Wgxgxg + AgUgxg + ft8(w8)'u| 



2H3 



A ^ 0, A2 7^ 



2H7 



"7*7 = h{u7)u7x7X7 + AaMTa;-, + {/l?}^,^ "7x7 



2H3 



"3*3 = /13(W3)"3X3X3 + {/l3}„3 "3x3 + 2 A2/l3''^ 



A2 7^0 



2H3 



"6*6 = "6x6X6 + 'l6("6)"6x 



dhe 
du 

6 



-*6X6 



Linearisable second-order evolution equations 



349 



The autohodograph transformation 2A1 which transforms ( |3.1|) into itself, i.e., in 
is given by 

_ -1 /o 

dxi{xi,ti) = (axi + /3)h^ {ui)dxi 

•^/^(ui) - l:iaxi + P)h'^^^^{ui)'^uis:^ dii 
I aui 

dti{xi,ii) = dii 

{ hi{ui{xi,ti)) = {axi+pf, a G K\{0}, (3 e 

It is noteworthy that is the only equation in Diagram 1 that admits an autohodograph 
transformation. 



2A1 : < 



+ 



We consider three examples for the above Cases. 
Example 1: We consider Case III with = Un and Ai = A2 = 1, i.e. 



1 



5/2 



It follows that ( 3.10 ) is linearised to 

Uoto = UQxqxo + ^0x0 

by the transformation 



X3{xo,to) 
t3ixo,to) = to 



U3ix3,ts) 



UOxo 



d f 2uoxo 



Xo 



2/3 



dxo V ^0x0 

By group theoretical methods 1^] we obtain the following solution for ( 3.11| ): 



Using ( |3.12| ) we transform this solution into a solution for ( 3.1C| ), namely 



us{x3,h) = {-lf/^ 



A + tsf + 2t3 
AH, 



2/3 



where 



(3.10) 
(3.11) 



(3.12) 
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Example 2: In Cases I, II, III we let Ai = A2 = 0, A = 1, 

hj{uj) = Uj, i = 1,2,3 
and derive the transformation 2^1, which transforms ( |3.7| ) into 



With the above assumptions, (3.2) and (|3.3|) take the following respective forms: 



U2t2 = u\u2x2X2 + ulu2x2 , 



(3.13) 



(3.14) 



The transformation into the autohodograph invariant equation (3.13) is obtained by the 
composition 

2^1 = (2H3) o 2H3, 

where (2H3) ^ denotes the inverse transformation of 2H3. In particular 2H3 = 2H30 2H2. 
Then 



Hi : < 



2^3 



{Xi,ti)dxi{x3,t3) = dx3 - [ U3x3 + ^X3 ] dt3 

dh{x3,t3) = dts 

1 

Ul{xi,tl)uix-^xi{xi,tl) = -U3, 



so that 



(2Hi)-i : <: 



X3{xi,ti) = 2uix^ 
dt3{xi,ti) = dti 

U3{x3,t3) = 2uiUix^a:i 



and 



2H?: <( 



dxQ{xi^ti) = ^dxi — uix^dti 
dtQ{xi,ti) = dti 

hQ{u6{XQ,tQ)) = 2uix^. 

The autohodograph transformation 2A1 transforming ( |3.13| ) into 

(with a = 1, /? = 0) follows, viz. 

dxi{xi, ii) = xiu^'^dxi + {ui — xiuix^) dii 
2A1 : { dti{xi,ii) = dti 
ui{xi,ti) = Xl. 



Linearisable second-order evolution equations 



351 



The inverse of 2A1 is 

Xi = Ul 



(2Ai)-i : < 



dti = dti 

The hnearising transformation of ( p. 7] ) into 
is obtained by the composition 



— (2H5) o (2H3) O 2H3 , 



where 



(2H?)-^ 



Xl{xQ,to) = Uo 

dti{xo,to) = dto 

Ul{xi,ti) = Uoxo 



and 



2H3 : < 



dxe{x3,t3) = u^^dxz - (u-s^^ + X3)dt3 

dt6ix3,t3) = dt3 
hG{ue{xG,t6)) = X3. 



Note that, with hQ{uQ) = uq reduces to the Burgers' equation and 2Hq becomes the 
Cole-Hopf transformation, i.e., 



2^0 



XQ{xo,to) = Xo 

ieixo, to) = to 

u&{xQ,tQ) = 2(l)'^{xo,to)^—{xo,to), 

0x0 

where (j){xo.,to) = duo/dxQ. 

Example 3: Consider Cases III, V and let A = Ai = A2 = 1 

hj{uj) = Uj, j = 3,5. 
We derive the transformation 2Hq which linearises ( p.7| ), i.e., 

d'^he ( dhQ\~^ 2 

into 



Uoto — UOxoXQ + UOxQ + Uo- 
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This linearisation is obtained by the following compositions: 



2H0 



(aHll)-^ o with 



2H3 — 2H3 O 2H5. 



Under the above assumptions ( |3.6D takes the form 

U5t5 = ulu^x^xi + [ul - 1) U5j 

and (|3.3|) is 



The linearising transformation for ( |3.7D is then 
dxQ{xQ, to) = dxo + dto 
2H^ : < dtQ{xo,to) = dto 

hQ{uQ{xe,te)) = 2uq'^uoxo, 



whereas (3.15) is linearised by 

X5{xo,to) = In \uo\ 



(2H°)-^ 



dt5{xo,to) = dto 



and ( l3l6D by 



X^{xo-,to) = 2Uq^U0xq 

dt^{xo,to) = dto 

U3{x3,t3) = 2u^^UOxo 

Remark: The linearisation of ( p.l6| ) is also given in 



xo 2nQ^nQ3.p. 



(3.15) 
(3.16) 



4 Linearisable nonautonomous second-order equations 

Next we list the nonautonomous second-order evolution equations which have been con- 
structed using ( p. ID , as well as their corresponding linearising transformations. Each 
equation given in Cases I - VIII above results, by (p.lD , in a nonautonomous equation 
leading to eight further cases. Diagram 2 shows the connection to the autonomous cases. 

Case IX: Let Ai G K, {hi,ki} G C^{^) with dhi/dii / and dki/dui / 0. Then 



Ui 



kiiui){hi}-^ ^ 



hi{xi 



uix, + {A;i}^^ uix. 



dk^ 



-1 



d ({hi}x^ 



dui J dxi \ hi{xi) 



(4.1) 
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is linearised to uoto = uqxoxo + -^i^Oa;o by the transformation 



hi{xi{xo,to)) = ulx^ 
dii{xo,to) = dto 



2^0 



ki{ui{xi,ti)) = 4-^0x0% 



'XoXo 



dhi 
dxi 



/ii(5i)=ug^^ 



Case X: Let A G K\{0}, Ai G 5R, {/i2,fc2} e C^i^) with dh2/dx2 ^ and d/ca/dua 7^ 0. 
Then 



dk2\-' d f{h2}s, 



+ — r^^^ — U2x2 + 2A/12 (3^2) K?r ^2 (^2) 



^■£12 y <iX2 \h2{x2) 

1 

c/X2 V^'^2 



^2(^2) 

is linearised to uotg = uqxqxq + ^I'f^Oxo by the transformation 



(4.2) 



^2(52(xo,to)) = ^f^^y 

(it2(xo,to) = c^io 



2L0 • '• 









UQxoXo \ 






dxQ 





n 2 



X 



dx2 J 



X 

-2' 



1 I "03=03:0 
"0X0 , 



Case XI: Let Ai € A2 G K\{0}, {/is, A^s} € ^^(SR) with dhs/dx^ + and dk^jdu^ / 0. 
Then 

..... ^/^MMMeI 9X ,3/2.~ ^^^/i3^"'V 

%f3 = ^al^^sj^isisis + I h^^) 2A2/;.3' (^^j (^^j I ^^3x3 

+ + 2A.*3(«) " Ufa.) - ikTii.) (||) " 



dxk 
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is linearised to uot^ = uqxoxo + -^i'"Oa;o by the transformation 



: 



h3ix3{xo,to)) 

di3{xo,to) = dto 



4 






-^2 


dxo 


\ ^0x0 /. 



2^0 



64 


[— 


'UOxqxo \ 


2 


r 


UOxqxo \ 


A| 


dxo 


\ UOxo J. 




dxo"^ 


\ UQxo J. 



-1 2 



dh3 
dxs 



/i3(a;3)=A 



X 













Case XII.l: Let Ai G 5R, A2 e 5R\{0}, {/t4, e C2(3f?) with dKldx^ + and dk^jdu^ ^ 
0. Then 



^iii = kA{u4)uixiX4. + 



/ A2 1 C?/l4 



^4(^4) — /i4(a;4) 



\/i4(x4) h4{x4) dx4 

A2 li/14 1 C?^/l4 



+ 



^4(^4) c?5^4 ^^4(^4) dxl h^x^) \dxi 



dhi 



dki 

dU4 



(4.4) 



is hnearised to uoto = uoxqxo + -^i^*Oa;o + by the transformation 

X4{xo,to) 



T 4.1 . , 



dC _ J_ 
h4^~X~2 

dU{xQ,tQ) = dto 



I 



Inl'Uol 



fe4(u4(x4,i4)) 



^2 \ Uo J 



hiixi) 



Case XII.2: Let Ai G 5?, A3 G 5ft\{0}, {/t4, A;4} G C2(3f?) with dh^jdx^ + and dA;4/du4 + 
0. Then 



/ A;4(n4) d/14 , ^ \ . , ,0 

' — + /l4(X4) ) ^4x4 + {fc4|s4 ^^40=4 



«4f4-fc4(u4fe4-^^^^ 



+2 



fc|('U4) I - 



1 £^2^4 



+ 



^4(^4) dx\ /i4(X4) \dX4 



^ ) I + ^4(^4)3^ 



dliA 



dX4 
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is linearised to uoto = uoxoxo + -^i^Oa;o by the transformation 

h^^{x4^)dx4{xo, to) = -^uodxo - {uq^o + AiUq - A3) dto (*) 

A3 A3 



l4.2 . J dii{xo,to) = dto 



k4{u4{x4,U)) 



hl{x4 



Remark: By 



(*) 



we mean that the function ^4(^4) has to be written in terms of xq, to, 



uo and its derivatives with respect to xo, obtained from the expression (*). 



Case XIII: Let Ai G ^, {X,X2} £ ^\{0}, {h^,^} G C^{^) with dh^/dx^ 7^ and 
dk^/du^ 7^ 0. Then 



5*5 — k5{u5)u5x5X5 + 



h{u5){h5}x5 ~ 



1X5 



^5(^5) 

+2A;^({i5) ( — ^ ~^ —{ i^?^^^^ + 2A/i"^/^(x5)— fc^/^({t5) { — 
^ ^ du^J dx5 \h5{x5) J ^ dx^ ^ \du^ 



is linearised to uoto = uoxoxo + XiUoxo + Muo by the transformation 

hz{xb{xo,to)) = ' 



A2 V Uo 



di^{xo,to) = dto 



d f uoxo^ ^ 
dxo \ Uo 



dh^ 

dX5 



(4.6) 



Case XIV: Let Ai G 3f?, A2 G 5ft\{0}, and {hQ,ke} G C^{^) with dhe/dxQ ^ and 
dk^/duQ ^ 0. Then 



^16X6 + {h6}u6% 



r2 



*6 



+2^6(^6) :^ 



dxQ \ dxQ 



_L oi.3/2/~ dkQ\ dhQ 



is linearised to uoto = uo^^yxo + AiUoaio by the transformation 

' /i6(x6(xo,io))=2-''°^°^° 



: 



2^0 



UOxo 



die{xo,to) = dto 



keiuQ^xeJe)) = 4 



d ( uoxo 



Xo 



dxo V '"0x0 



\dXG 
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Case XV: Let {Ai, A3} G 5R, {hr, ky} e C^{^) with dhr/diy ^ and dky/dur ^ 0. Then 

^7i7 = k7{u7)u7xrxr + 



-U7xr + 1^7 furUrxr 



h7{x7) 



2(~ \ I dk7\ ^ d ( {^7} 



+2mu7) 



XT 



^dU7 J dX7 \ h7{x7) 

is hnearised to u^t^ = uox^xq + AiUoxq by the transformation 

/i7(x7(xo,to)) = ul 
di7{xo,to) = dto 



U : ( 



h{u7{x7,t7)) = ^U^U^^^ 



dh7 
dx7 



h-j{xT)=ul 



Case XVI: Let A G 5R\{0}, Ai G {/ig, Ajg} G C2(K) with dfeg/dug 0. Then 



dxs V '^^'s / 

is hnearised to uoip = uoaioxo + ^iUqxo by the transformation 



: <^ 



2^0 



X8 



exp / hs{ri)dri 



1 



A y exp ( / hs{'n')dT]' | d?? 
--(*) 



disixo,to) = dto 
hiusixsJs)) = 



7/2 


"r 


exp 


hsirj)dr]^^ 




dC 


^0x0 


exp ('j 







(*) 



(4.8) 



(4.9) 



Example 4: We consider Case XI with /i3(x3) = X3, A;3('U3) = and A2 = —1, i.e., 



^3*3 



ulu3x3X3 + xlu3x3 - 3X3tt3. 



(4.10) 



It follows that (4.10) is linearised to 

Uoto = UQxoxo + Al^Oxo 
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Diagram 2 



2h! 



Case IV 



^ Case XII 



> Case XIII 




by the transformation 



teQXo 



3x0^ V ^0x0 
Remark: Equation ( 4.1C| ) was proposed in 



Example 5: We consider Case XVI with hs{xs) = Xg and ks{us) = ug, i.e. 



^UsUSxs - ^«8ig - ^^8 (4-11) 



It follows that ( 4.11 ) is linearised to 

UOto = UOxQXo + AlUOxo 

by the transformation 

X8{xO,to) = UqH 

dts = dto 

Us{x8,t8) 



1 ■"■0x0X0 



4 WOxo 
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Appendix 

Below we list the .t- generalised hodograph transformations 2H*- corresponding to Cases I 
- VIII. Diagram 1 shows the direction in which the transformations act. 



H?: <: 



dxo{xi,ti) = ^^'^{ui)dxi + ^-^^1 ^''^('"i^^^i^i ~ 
dto{xi,ti) = dti 



■"o(a^o,^o) = oiixi + ai G 5R\{0}, /3i G Jft 



— 1/2 

dx(i{x^,t^) = {u5)dx5 + 



2^5 



^2,-1/2/ X 1,-1/2/ -.dh^ 

dto{x^,t^) = dt5 

uo{xo, to) = ie^^5+"« , A G 3fi\{0}, a^e^ 



dU 



dxi{x2,t2) = e^''^y%h2 ^^^{u2)dx2 - -e^^^^y^/^^ V2^^^^ 2^^_^^^^^ 

2 dU2 

2H2 : < dti{x2M) = dt2 

. hi iui{xi,h)) = /32e2^^^ A G 3fi!\{0}, (32 G 3fi\{0} 



dX2{x3,t3) = ( ^^'^{U3)dx3 



+ 



2^3 



dU 



dt2{x3,t3) = dts 



h2 {U2ix2,t2)) = ( 2^^3 +/33 



{A,A2}gK\{0}, /?3G5? 
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— 1/2 

dX4{x5,t5) = (1X5)^X5 + 



1,-1/2. .dh5 
dti{x^,t^) = dt5 



dt5 



[ I 



-^X, + P,, {A,A2}gK\{0}, {/?5,A4}G5R 



2H^ < 



— 1/2 

dX4{xT,tj) = hj {uj)dx7 + 

dt4{xT, tj) = dt-j 

U4{XA,U) 



-1/2, 



dt7 



[ I 



d^ 



h4i0 A3 



— X7 + /37, A3 G 3fi\{0}, {A4, Pv} e 



2^ : <^ 



dx5{x3,t3) = ( ^X3 + /33 ) ^3 ^'^^(^t3)c^a;3 + 



c^i5(a:;3,*3) = c?i3 



/l5K(^C5,t5))= ( 2X^3+/33) , {A,A2}G3fi\{0}, /33G3fi 



c?i3 



da:7(xi,ti) = (^axi +^1^ hi ^^'^{ui)dxi 
1/2 



2HI: <; 



+ 



cit7(xi, ti) = dti 



h7{u7ix7,t7)) = (axi+PiY, a e 5?\{0}, {A3, A} G 5? 



— 1/2 

da;6(a::3,i3) = ^3 ("3)^3:3 + 

dt6{x3,t3) = dt3 

he {u6{xQ,t6)) = X2X3, A2 G 5R\{0} 



dt3 
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H| : ( 



dU2 



— 1/2 

dXs{x2,t2) = h2 {U2)dx2 
dts{x2,t2) = dt2 
Us(xs,ts) ^ 

exp ^ j hs{r))d'i]^ A ^exp ^ j hs{ri')dr]'^ dr] 



dU 



d^ = X2 



Below we list the ^-generalised hodograph transformations by which autonomous 

equation n is transformed in the nonautonomous equation h. This refers to Cases IX — 
XVI. Diagram 2 shows the direction in which the transformations act. 



dxi{xi,ti) = h\^'^{xi)ki ^^"^ {ui)dxi 



k\'\ui){h^} . 
h\'\x^) 



2Hi : { 



dti 



dti{xi, ti) = dti 
. ui{xi,ti) = Xl 



dx2{x2,i2) = hy^{x2)k2 ^^'^{U2)dx2 



hy'^{x2) 



+ A/l2(x2) 



2H^ < 



]-h2 ^^^{X2)^k2^\u2) + ]:hy'^{x2)k2 ''\U2)'^U2X2 



2 ^ ' ^'dX2 

dt2{x2,i2) = di2 

, U2{x2,t2) =X2 AG K\{0} 



-1/2. ~ xC?A:2 

dU2 



dU 



2^1: i 



dx^{x2„h) = hl^^{x3)k^ ^^'^{U3)dx3 



+ 



h^^^^ixs) 



dhz ,i/2,~ s / dh?. 



dxa 



V (^3) 



dx?. 



dx^ 



dk^ 

dU3 



-2X2hl{x3) 



dhs 

dX3 



k^'^^^{u3) 



dtsixsJs) = dis 

[ U3{x3,t3)=X3 A2 G 3ft\{0} 



dU 



kl^'^{u3) 
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dx4 J 



dt4,{x4, t4) = dti 



dii 



^ tt4(x4,t4) = X4, {A2,A4}G3ft 



2Ht: 



dxf,{x^,i^) = hy^{x^)k^ ^'^^(u5)dx5 - 



+ A/l5(x5) - ^ 



dt5{x5,i5) = dh 
I it5(a;5,i5) =X5, AG 3?\{0}, A2 G 3? 



2H5:<: 



— 1/2 



, 1/2. ~ ^ / dhQ\ ^ d^he 



+ ^^6 + ^6(^6) 



die, 



dteixeJe) = die 
^ ue{xe,te) = xq 



dx'j{x-j,i-j) = Ihj^'^ {x-j)k-j ^^'^ {u'j)dx'j 



hy^ix-j) 



+ A3 



]-hrj ^^^{x7)^ky^{ur) + l-hy^{x7)ky ^^'^ {ut)^U7x7 
z ax-j I au'j 



dl-j 



dtj{xi, t-j) = dtj 
. U7{x7,t7) = X7, A3 G 3? 
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2m : I 



~ —1/2 

dxs{x8,ts) = kg {u8)dxs 

,1/2 



h8{x8)kg'''{u8) + ^kg ^^'^ {U8)^U8X8 + ^8 



U8ix8,t8) = X8 As G 3? 
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